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Abstract. We study actions of linear algebraic groups on finite-dimen- 
sional central simple algebras. We describe the fixed algebra for a broad 
class of such actions. 



1. Introduction 

Let k be an algebraically closed base field of characteristic zero, K/k be a 
finitely generated field extension, A/K be a finite-dimensional central simple 
algebra and G be a linear algebraic group defined over k. Suppose G (more 
precisely, the group of /c-points of G) acts on A by /c-algebra automorphisms. 
We would like to describe the fixed ring A'^ for this action, both in terms of 
its intrinsic structure (for example, is it simple?) and in terms of the way it 
is embedded in A (for example, is the center of A'^ contained in K?). 

The goal of this paper is to give detailed answers to these and related 
questions in terms of geometric data, for a particular type of G-action on A 
which we call tame. We give a precise definition of tame actions in Section [21 
and we show in Section H] that many naturally occurring actions belong to 
this class. To every tame action one associates a subgroup S of PGL„ 
(defined up to conjugacy), which we call the associated stabilizer. If the 
associated stabilizer S is reductive, we say that the action is very tame. 

To state our first main result, let K he a finitely generated field extension 
of k. As usual, we shall say that an algebra A/K is a form of Ao/k if the 
two become isomorphic after extension of scalars, i.e., A ®k ^ — ®k L 
for some field extension k <Z K d L. 

1.1. Theorem. Consider a tame action of a linear algebraic group G on a 
central simple algebra A of degree n with center K , with associated stabilizer 
subgroup S C PGL„. Then the fixed algebra AP jK'^ is a form ofVl^/k. 
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Here S C PGL„ is acting on the matrix algebra M„ by conjugation, and 
= (Mn)^ denotes the fixed subalgebra for this action. 

In the case where the G-action on A is very tame, one can describe 
(and thus A^) more exphcitly. In this case the associated stabihzer subgroup 
S C PGL„ is, by definition, reductive, and hence so is the preimage 5* of 
S in GL„. We shall view the inclusion cf): S* ^ GL„ as an n-dimensional 
linear representation of 5*. 

1.2. Corollary. Consider a very tame action of a linear algebraic group G 
on a central simple algebra A of degree n with center K , and let (p he as 
above. Then 

(a) A'-' is semisimple. 

(b) A^ is commutative if and only if cj) is multiplicity -free {i.e., a sum 
of distinct irreducible representations) . 

(c) A^ C K if and only if (j) is irreducible. 

(d) Z{A^) C K if and only if (p is a power of an irreducible representa- 
tion. 

For a more detailed description of A'-' , in terms of the irreducible decom- 
position of see Section [8l 

We now return to the setting of Theorem 11.11 Let G be a linear algebraic 
group, A/K he a central simple algebra of degree n and ■0 be a tame action 
of G on A, with associated stabilizer 5 C PGL„. Since Theorem 11.11 asserts 
that A^ /K^ is a form of M^/A:, it is natural to ask which forms of M,^//i; 
can occur in this way. Note that here n and S C PGL„ are fixed, but we 
are allowing A, G and ip to vary. 

Our answer to this question will be stated in terms of Galois cohomology. 
If G is an algebraic group defined over k, and K/k is a field extension, we 
write H^{K,G) for the Galois cohomology set H^{Gs1{K),G{K'^p)), where 
K**^^ is the separable closure of K and Gal(-fC) = Gal{K'^^^ /K) acts on 
GiK'^'P) in the natural way; cf. [STJ Chapter II]. 

For any field extension F/k, the isomorphism classes of the F-forms of 
a fc-algebra R are in a natural 1-1 correspondence with Aut(i?)); 
see [KMRTl §29.B] or [S^ Proposition X.4]. Here, Aut(i2) is the alge- 
braic group of algebra automorphisms of R. (Recall that we are assuming 
throughout that char(A:) = 0.) If B is an F-form of i?, we will write [B] for 
the element of H^{F, Kui{R)) corresponding to B. 

The normalizer N = NpQi^^{S) naturally acts on the fc-algebra (by 
conjugation). Since 5 acts trivially, this action gives rise to a homomorphism 
a: N/S Aut(M^) of algebraic groups. 

1.3. Theorem. Let F/k be a finitely generated field extension, S C PGL„ 
be a closed subgroup and B be an F-form ofM^/k. Then the following are 
equivalent. 
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(a) There exists a tame action of a linear algebraic group G on a central 
simple algebra A of degree n with center K , with associated stabilizer 
S, such that /K^ is isomorphic to B/F [over k). 

(b) [B] lies in the image of the natural map 

a*: H\F,N/S) ^ {F, Aut{M^)) . 

The rest of this paper is structured as follows. In Section [21 we introduce 
tame and very tame actions. In Section [3] we prove a preparatory lemma 
and explain how it is used later on. Sections [4] and [5] are intended to moti- 
vate the notions of tame and very tame actions. In Sections [71 El and [9] we 
prove Theorem 11.11 Corollary 11.21 and Theorem 11.31 along with some gener- 
alizations. In the last section we illustrate Theorem 11.31 with an example. 
This example shows, in particular, that every finite-dimensional semisimple 
algebra (over a finitely generated field extension of k) occurs as A'-^ /K^ for 
some very tame action of a linear algebraic group G on some central simple 
algebra A with center K] see Corollarv 110.41 

Notation and Terminology. We shall work over an algebraically closed 
base field k of characteristic zero. All fields will be assumed to be finitely 
generated extensions of k. By a variety we shall mean a reduced fc-scheme 
of finite type. All varieties, algebraic groups, group actions, morphisms, 
rational maps, etc., are assumed to be defined over k. By a point of an 
algebraic variety we shall always mean a A;-point. We will often identify an 
algebraic group G with its group G{k) of /c-points. Every central simple 
algebra is assumed (by definition) to be finite-dimensional over its center. 

We denote by M„ the algebra of n x n matrices over k. If 5* is a subgroup 
of PGL„, we denote by the fixed algebra for the conjugation action of 
S on M„. Throughout, G will be a linear algebraic group. We shall refer to 
an algebraic variety X endowed with a regular G-action as a G-variety. We 
will say that X (or the G-action on X) is generically free if StabG(x) = {1} 
for X G X in general position. 

Acknowledgment. We are grateful to the referee for a careful reading of 
the paper and constructive comments. 

2. Tame actions on central simple algebras 

Tame actions are a special class of geometric actions. To review the latter 
concept, we need to recall the relationship between central simple algebras 
of degree n and irreducible, generically free PGL„-varieties. 

If X is a PGL„-variety, we shall denote the algebra of PGL„-invariant 
rational maps X --■> M^i by RMapspQL (X, M„). The algebra structure in 
RMapspQL^(X, M„) is naturally induced from M„, i.e., given a,b: X — -> 
M„, we define a + b and ab by (a + b){x) = a{x) + b(x) and ab{x) = a{x)b{x) 
for X G X in general position. If the PGL„-action on X is generically free, 
then RMapspGL^ (X, M n) is a central simple algebra of degree n, with center 
k{X)^'^^'^; cf. |Rel Lemmas 8.5 and 9.1]. In this case we will sometimes 
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denote this algebra by kn{X). As this notation suggests, kn{X) shares 
many properties with the function field k{X) (see IRV2I ); in particular, the 



two coincide if n = 1. Under our hypotheses, every central simple algebra of 
degree n is isomorphic to kn{X) for some irreducible generically free PGL^^- 
variety X; see |RV2i Theorem 1.2]. 

Suppose that X is a G x PGL„-variety, and that the PGL„-action on X 
is generically free. Then the G-action on X naturally induces a G-action 
on kn{X); see IRV3 . Following IRV3I we will say that the action of an 



algebraic group G on a central simple algebra A/K is geometric if A is G- 
equivariantly isomorphic to kn{X) for some G x PGL^-variety X as above. 
The G X PGL„-variety X is then called the associated variety for the G- 
action on A. This associated variety is unique up to birational isomorphism 
of G X PGL„-varieties, see [RVst Corollary 3.2]. 

Note that the center of kn{X) is k{X/FGL n)- So a central simple al- 
gebra A/K cannot admit a geometric action unless K is finitely generated 
over k. For this reason we will only consider central simple algebras whose 
centers are finitely generated extensions of k throughout this paper. 

The class of geometric actions on central simple algebras is rather broad; 



it includes, in particular, all "algebraic" actions; see RV3 Theorem 5.3]. 
Roughly speaking, an action of G on A is algebraic if there is a G-invariant 
order i? in ^ such that G acts regularly ("rationally") on R. For details, 
see IRA^ . 

Consider a geometric action ip of a linear algebraic group G on a central 
simple algebra A, with associated G x PGL^-variety X. Given x £ X, 
denote by Sx the projection of Stab^xPGLn (a^) C G x PGL„ to PGL„. 

2.1. Definition, (a) We shall call the action ijj tame if there is a dense open 
subset U C X such that Sx is conjugate to Sy in PGL^ for every XjV £ U. 
In this case we shall refer to Sx {x G U) as the associated stabilize'^ for ip; 
the associated stabilizer is defined up to conjugacy. (b) We shall call the 
action ip very tame if it is tame and if its associated stabilizer is reductive. 

See Lemma 14.11 for an alternative description of tame and very tame 
actions. There exist non-tame geometric actions, and tame actions that are 
not very tame (see Proposition 15. ip . However, informally speaking, many 
interesting actions are geometric and very tame; in particular, all geometric 
actions on division algebras are very tame. For details, see Section [H 



3. An exact sequence of stabilizer groups 

3.1. Lemma. Let T be a linear algebraic group, N a closed normal subgroup, 
and tt: F — > T/N the natural projection. Suppose X is a T-variety, Y is a 
birational model for X/N (as aV/N -variety), andq: X Y is the rational 



For X £ X in general position, Sx is the stabilizer of the image of x in the rational 
quotient X/G, see Remark 13. 2f bl. 
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quotient map. Then for x G X in general position, the sequence of stabilizer 
subgroups 

1 — > StabAr(x) — > Stabr(x) Stabp/;v(g(a;)) — > 1 

is exact. 

Proof. The sequence is clearly exact at Stab7v(2;) and Stabr(a:), so we only 
need to show that the map 

Stabr(a;) — > Stabr/^((7(a;)) , 

which we denote by vr, is surjective. By a theorem of Rosenlicht (see |Roi|, 
IR02I or |PVl Proposition 2.5]) there is a dense F-invariant open subset 
Xq C X such that q~^{q{x)) = N ■ x ior every x G Xq. Thus for x E Xq, 

ir{g) £ G/N stabilizes q{x) <^=^> g{x) £ N ■ x 

<^=^> n^^g G Stabr(x) for some n £ N 

<S=^ TT{g) = 7r{n^^g) £ 7r(Stabr(a:;)) , 

as claimed. □ 

3.2. Remark. In the sequel we repeatedly apply Lemma |3. II in a situation, 
where T = G x PGL„ and X is a P-variety with a generically free PGLyj- 
action. There are two natural choices of N here, N = G and A'^ = PGL„ (or, 
more precisely, A'^ = G x {1} and = {1} x PGL„). Thus we will consider 
two rational quotient maps: 

X 



Y = X/G Z = X/PGL„ . 

(a) Taking N = PGL„ in Lemma l3.ll and remembering that the PGL„- 
action on X is generically free, we see that the natural projection G x 
PGL„ — > G restricts to an isomorphism 

StabGxPGL„(a;) ^ StabG(2;) , 

where x G X is in general position and z is the image of x in X/PGL„; 
cf. [RVil Lemma 7.1]. 

(b) On the other hand, taking N = G and denoting by tt the natural 
projection G x PGL„ — > PGL„ we obtain 

StabpGL„(y) = ■7r(StabGxPGL„(a;)) ~ StabcxPGL^ (a;)/ StabG(x) , 



where x G X is in general position and y is the image of x in X/G, cf. IRV4 
Lemma 2.3]. 
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4. An alternative description of tame and very tame actions, 

and some examples 

It follows from Remark 13.2( b) that if i/j is a geometric G-action on a 
central simple algebra A, with associated G x PGL„-variety X, then V is 
tame if and only if the PGL„-action on X/G has a stabilizer in general 
position S C PGL„, in the sense of [PV^ p. 228]. Recall that this means 
that StabpGL„(y) is conjugate to S for a general point y G X/G, and that S 
is only well defined up to conjugacy in PGL„. Recall also that if is tame, 
we called S the associated stabilizer for ip; see Definition I2.1[ 

Note that the stabilizer in general position is known to exist under certain 
mild assumptions on the action; cf. [PVt §7]. Informally speaking, this 
means that "most" geometric actions on central simple algebras are tame; 
we illustrate this point by the examples below. In particular, if StabpGL„ in) 
is reductive for general y £ X/G then, by a theorem of Richardson \Ri\ 
Theorem 9.3.1], X/G has a stabilizer in general position and thus the action 
■0 is very tame. For later use, we record some of these remarks as a lemma. 

4.1. Lemma. Consider a geometric action of a linear algebraic group G on 
a central simple algebra A with associated G x FGLn-variety X. 

(a) The action of G on A is tame if and only if the PGL^-aciion on 
X/G has a stabilizer in general position. 

(b) The action of G on A is very tame if and only if StabpGL„ (y) is 
reductive for y € X/G in general position. □ 

4.2. Example. A geometric action ^ on a central simple algebra A is very 
tame if 

(a) j4 is a division algebra, or 

(b) the connected component G^ of G is a torus (this includes the case 
where G is finite), or 

(c) Stahciz) is reductive for z G X/VGLn in general position, or 

(d) G is reductive and the G-action on A is inner, or 

(e) A has a G-invariant maximal etale subalgebra. 

Here by an etale subalgebra of A we mean a subalgebra of A which is a 
(finite) direct sum of finite field extensions of the center of A (since we are 
working in characteristic zero, these field extensions are necessarily separa- 
ble). 

Proof. Using Richardson's theorem (see the remarks before Lemma 14. Ih . 
part (a) follows from IRV4I Section 3], so we will focus on the other parts. 
Let X be the associated G x PGL„-variety, let x G X be a point in general 
position, and let y and z be the images of rc in y = X/G and Z = X/PGL„, 
respectively, as in Remark 13.21 By Lemma 14. H it suffices to show that 
StabpGLn (y) is reductive for y G y in general position. 
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(b) For X £ X in general position, StabGxPGL„(2;) is isomorphic to a 
closed subgroup of G and is thus reductive; see Remark 13.2( a). Hence, 

StabpGL„(y) ^ StabGxPGL„(a;)/StabG(x) 

is also reductive for y £ Y in general position; cf. Remark 13.2( b). 

(c) Let X £ X in general position. Since StabGxPGL„(2;) — StabG'(-z), it 
is a reductive group, and so is its homomorphic image StabpGL„(y)- The 
desired conclusion follows from Lemma l4.1i 

(d) Here G acts trivially on Z{A) = A;(X/PGL„) and hence, on X/PGL„. 
Thus StabG(^;) = G is reductive for every z S X/PGL„, and part (c) applies. 

(e) By [RVal Theorem 1.5(b)] for x £ X in general position there exists 
a maximal torus T C PGL„ (depending on x) such that StabGxPGL„(3;) C 
G X N(T), where N(T) denotes the normalizer of T in PGL„. Thus the 
image 7r(StabGxPGL„ (2;)) of StabGxPGL„(2;) under the natural projection 
tt: G X PGL„ — > PGL„ consists of semisimple elements and, consequently, 
is reductive. By Remark I3.2l fb) StabpGL„(y) and 7r(StabGxPGL„(2;)) are 
isomorphic. Hence, StabpGL„ (y) is reductive, and part (e) follows. □ 

5. Examples of wild actions 
The purpose of this section is to show that Definition 12. II is not vacuous. 

5.1. Proposition, (a) There exists a geometric action of an algebraic group 
on a central simple algebra which is tame but not very tame. 

(b) There exists a geometric action of an algebraic group on a central 
simple algebra which is not tame. 

Our proof of Proposition 15. II will rely on the following lemma. 

5.2. Lemma. Let G be an algebraic group and H a closed subgroup. Then 
for every H -variety Y {not necessarily generically free) there exists a Gx H- 
variety X such that 

(i) the action of H = {1} x H on X is generically free, and 

(ii) X/G is birationally isomorphic to Y {as an H -variety). 

Proof. Set X = G x Y, with G acting on the first factor by translations 
on the left and H acting by h: {g,y) ^ {gh~^ , hy). The G-action and the 
//-action on X commute and thus define a G x //-action. Conditions (i) 
and (ii) are now easy to check. □ 

Proof of Proposition 15. /[ (a) In view of Lemma 14. H we need to construct 
a G X PGL^-variety X, with PGL„ acting generically freely, and such that 
the PGL„-action on the rational quotient variety X/G has a non-reductive 
stabilizer in general position. By Lemma 15.21 (with G = H = PGL„) it 
suffices to construct a PGL^-variety Y with a non-reductive stabilizer in 
general position. To construct such a Y, take any non-reductive subgroup 
S C PGL„ and let Y be the homogeneous space PGL„/5. 
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(b) Arguing as in part (a), we see that it suffices to construct a PGL„- 
variety Y which does not have a stabiHzer in general position. Richard- 
son |Ril §12.4] showed that (for suitably chosen n) there exists an SL„- 
variety Z with the following property: for every nonempty Zariski open 
subset U C Z there are infinitely many stabilizers StabsL„(-z)i z G U, with 
pairwise non-isomorphic Lie algebras. Clearly such an SL„-variety Z cannot 
have a stabilizer in general position. We will now construct a PGL„-variety 
Y with no stabilizer in general position by modifying this example. Note 
that in |Rij the variety Z is only constructed over the field C of the com- 
plex numbers. However, by the Lefschetz principle this construction can be 
reproduced over any algebraically closed base field k of characteristic zero. 

Consider the rational quotient map vr: Z ---> Y = Z/^n, for the action of 
the center /i„ of SL„, on Z. Recall that (after choosing a suitable birational 
model for Y), the SL„-action on Z descends to a PGL„-action on Y. In 
fact, this is exactly the situation we considered in the setting of Lemma l3.ll 
(with r = SL„ and = this lemma tells us that, after replacing Y by 
a dense open subset Yq, and Z by 7r~^(yo), 

StabpGL„(y) ^ StabsL„(^;)/Stab^„(2;) 

for every z £ Z and y = tt{z). Since Stab^„(z) is a finite group we see 
that StabpGL„ (y) and StabsL,i(^) have isomorphic Lie algebras. This shows 
that for every nonempty open subset V of Y there are infinitely many sta- 
bilizers StabpGL„(y)) y with pairwise non-isomorphic Lie algebras. In 
particular, the PGL„-action on Y has no stabilizer in general position. □ 



6. Homogeneous fiber spaces 

In this section we briefly recall the definition and basic properties of homo- 
geneous fiber spaces. Let (p: H ^ G he a homomorphism of linear algebraic 
groups (defined over k) and Z be an ff- variety. The homogeneous fiber space 
X = G *H Z is defined as the rational quotient of G x Z for the action of 
{1} X H, where G x H acts on G x Z via {g,h) ■ {g,z) = {gcnp{h)~^ , hz). 
As usual, we choose a model for this rational quotient, so that the G-action 
on G X Z descends to a regular action on this model. Note that {1g} ^ Z 
projects to an i?-subvariety of X birationally isomorphic to Z/ker{ip). 

It is easy to see that G*hZ is birationally isomorphic to {Z/ ker ((/?)) 

as a G-variety; thus in carrying out this construction we may assume that 
H is a subgroup of G and (p is the inclusion map. For a more detailed dis- 
cussion of homogeneous fiber spaces in this setting and further references, 
we refer the reader to [RVij §3]. 



We also recall that a G-variety X is called primitive if G transitively 
permutes the irreducible components of X or, equivalently, if k{X)'-' is a 
field; see j Ref Lemma 2.2(b)]. 

Our goal in this section is to prove the following variant of [LPR^ Lemma 
2.17], which will be repeatedly used in the sequel. 
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6.1. Lemma. Let ip: H ^ G be a homomorphism of linear algebraic groups 
{defined over k), Z be an H-variety and R be a finite- dimensional k-algebra. 
Let X be the homogeneous fiber space G *h Z . Assume further that G acts 
on R via k-algebra automorphisms {i.e., via a morphism G — > Aut(i2) of 
algebraic groups). Then 

(a) (c/. |PVl p. 161]) k{X)^ and k{Z)^ are isomorphic as k-algebras. 
In particular, X is primitive if and only if Z is primitive. 

(b) If X and Z are primitive, the algebras KMaps q {X, R)/k{X)^ and 
KMapsjj{Z, R)/k{Z)^ are isomorphic. 

Here, as usual, KMapSfj{Z, R) denotes the k{Z)^ -algebra of i/-equivariant 
rational maps Z R. 

Proof. Let f:X = G *h Z --■> i?bea G-equivariant rational map. The 
indeterminacy locus of such a map is a G-invariant subvariety of X. Let 
X'. Z --^ X be the rational map sending z £ Z to the image of {1g,z) G 
GxZ in X = G*hZ. Since G-x{Z) is dense in X, x{Z) cannot be contained 
in the indeterminacy locus of /. Thus the map 

ip: RMapsG{X,R) RMapsH {Z,R) 

given by = / o X is a well-defined /c-algebra homomorphism. Since 

G ■ x{Z) is dense in X, is injective. 

It is easy to see that V h^-s an inverse. Indeed, given ff-equivariant 
rational map A : Z --^ R, we define a G-equivariant map X' : G x Z Rhy 
{g, z) I— > gX{z). Since X' {gip{h)~^ , hz) = X'{g, z) for every g £ G and z G Z, 
and X = {G X Z)/H, the universal property of rational quotients tells us 
that A' descends to a G-equivariant rational map /: X R. Moreover, 
by our construction ip{f) = / o = A, so that the map RMapsjj{Z, R) 
RMapS(^ (X, i?) taking A to / is the inverse of ip. 

We are now ready to complete the proof of Lemma 16.11 To prove part 
(a), we apply the above construction in the case where R = k, with trivial 
G-action. Here RMapsG{X,k) = k{X)^ , RMaps^(Z,fc) = k{Z)" , and 
tp is the desired isomorphism of /c-algebras. To prove part (b), note that 
if we identify elements of k{X)^ (respectively, k{Z)^) with G-equivariant 
rational maps X --^ R (respectively, iif-equivariant rational maps Z --■>■ R) 
whose image is contained ink-In then ip is an algebra isomorphism between 
RMapsG{X,R)/k{X)^ and RMaps h{Z, R) /k{Z)^ . □ 

7. Proof of Theorem 11.11 

We begin with a simple observation. Let X be the associated G x PGL„- 
variety for the G-action on A. Let y be a PGL„-variety, which is a birational 
model for X/G. Then by the universal property of rational quotients (see, 
e.g., [PYl §2.3-2.4], [EEl Remark 2.4] or [RV^ Remark 6.1]), 

(7.1) yl« = RMapspGL„ {X, M^f ^ RMapspGL„ {Y, M„) . 
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Moreover, 

Thus Theorem 11.11 is a special case of the following result (applied to the 
conjugation action of T = PGL„ on i? = M„). 

7.2. Proposition. Let R be a finite- dimensional k-algebra, and T a linear 
algebraic group, acting on R by k-algebra automorphisms {i.e., via a mor- 
phism T — > Aut(i?) of algebraic groups). If a primitive T -variety Y has a 
stabilizer S C T in general position then KMapsj^iY, R) / k{Y)^ is a form of 
R^/k. 

Here we view RMapsp(y, i?) as a X-algebra, where K = k{Y)^ . Note 
that X is a field since y is a primitive F-variety (the latter means that 
r transitively permutes the irreducible components of 1"). We also recall 
that the stabilizer in general position is only defined up to conjugacy in T; 
we choose a particular subgroup 5 C F in this conjugacy class. Of course, 
replacing 5 by a conjugate subgroup does not change the isomorphism type 
of R'^/k. 

Proof. We will proceed in two steps. 

Step 1. Suppose first that S = {1}, i.e., that the F-action on Y is generi- 
cally free. Let Yq be an irreducible component of Y, and let i;^: F x Yq — > Y 
be the natural F-equivariant map, where F acts on itself by left multipli- 
cation and trivially on Yq. Then (p induces an injective homomorphism 
RMapsp (y,ii) ^ RMapsr(F x Yo,R) via f ^ f o 4>- Clearly F-equivariant 
rational maps from F x Yq to ii are in 1-1 correspondence with rational maps 
from Yq to R. In other words, 

RMapsr(y, R) ^ RMapsr(F x Yq, R) ~ RMaps(yo, R)^R'S)k k(Yo) ■ 
In particular, 

dimfc(yQ) RMapsr(F x Yo,R) = dimfc(yg)(i? 0^ k(Yo)) = dimk{R) . 

On the other hand, by \Re\ Lemma 7.4(b)], 

dim^ RMapsr(y, R) = dimfc(i?) . 

Now suppose fi,...,fm G RMapsp (y, i?) . Applying [Ret Lemma 7.4(a)] 
twice, one sees that the fi are linearly independent over K = k{Y)^ iff the 
fi{y) are fc- linearly independent for y G y in general position iff the fiO(j) 
are linearly independent over k{YQ). This shows that the induced map of 
fc(yo)-algebras 

RMapsr(y, R) 'E)k kiYo) RMapsr(F x Yq, R) 

is injective. Since RMapsp(y, R) ®k ^{Yq) and RMapsp(F x yo, i?) have the 
same dimension over klYo), this map is an isomorphism. In other words, 
RMapsp(y, R) is a X-form of R. This completes the proof of Proposition [72] 
in the case that S = {1}. 
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Step 2. We will now reduce the general case to the case considered in 
Step 1. Let Z be the union of the components of of maximal dimension, 
and let = Nr{S) be the normalizer of S in T. Note that Z is an A'^- variety. 
By |RVi Lemma 3.2], Y is birationally isomorphic to T *]\f Z , as a F- variety. 



By Lemma EH Z is primitive since Y is, and 

(7.3) RMapsr(y,i?)~RMaps^(Z,i?) and k{Y)^ ^ k{Z)^ . 

Thus it suffices to show that KMapsj\f{Z, R)/k{Z)^ is a form of /k. 

Recall that S acts trivially on Z (because Z is, by definition, a subset of 
Y^)] hence, the image of every A^-equivariant map from Z to R will actually 
lie in R^ . In other words, 

(7.4) RMapsjv(Z, R) = RMaps^(Z, R^) = RMaps;v/s(^> R^) ■ 

Moreover, k{Z)'^ = k{Z)^/^ . We now show that the N / S-action on Z is 
generically free; the desired conclusion will then follow from the result of 
Step 1. Equivalently, we want to show that Stab at (z) = 5 for z G Z in 
general position. Clearly, S C Stab at (z) for any z G Z C Y^ . To prove 
the opposite inclusion, it is enough to show that S = Stabr(z) for z G Z in 
general position. Indeed, by the definition of 5, Stabr(y) is conjugate to S 
for y G y in general position. Since TZ is dense in Y , Stabr(z) is conjugate 
to 5 for z G Z in general position. Since we know that S C Stabr(z) we 
conclude that S = Stabr(z) for z G Z in general position, as desired. □ 

We conclude this section with a simple corollary of Theorem 11.11 

7.5. Corollary. Consider a tame action of G on a central simple algebra 
A with associated stabilizer S C PGL„. Let N be the normalizer of S in 
PGL„. If A^ is a division algebra then = k. 

Proof. Let X be the associated G x PGL„-variety. Set Y = X/G, and denote 
by Z the union of the irreducible components of Y^ of maximal dimension. 
Recall from the proof of Theorem 11.11 that 

A^ ~ RMapspGL„ {Y, M„) ~ RMaps^(Z, Mf ) . 

Now observe that if m G M^, then the constant map fm '■ Z — > M^, given 
by fm{z) = m for every z G Z, is A/^-equivariant. Thus fm may be viewed 
as an element of A'^ , and fm defines an embedding ^ A'^ . Since 
we are assuming that A^ is a division algebra, this implies that cannot 
have zero divisors. On the other hand, since is a finite-dimensional 
fe-algebra and k is algebraically closed, this is only possible if = k. □ 

8. Proof of Corollary 11.21 

In this section we spell out what Theorem 11.1 1 says in the case where the G- 
action on A is very tame. Here the associated stabilizer subgroup S C PGL„ 
is reductive, and hence so is the preimage S* of S in GL„. Thus the natural 
n-dimensional linear representation (p: S* ^ GL„ decomposes as a direct 
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sum of irreducibles. Suppose (j) has irreducible components (j)i,...,(pr of 
dimensions di, . . . , dr, occurring with multiplicities ei, . . . , Cr, respectively. 
Note that diei + - ■ ■ + drer = n. Our main result is the following proposition. 
Corollary 11.21 is an immediate consequence of parts (a), (b) and (c). 

8.1. Proposition. (a) is a form ofMe^{k) x • • • x Me^(A;). In par- 
ticular, AP is semisimple. 

(b) The maximal degree of an element of AP over K is ei + ■ ■ ■ + Cr- 

(c) The maximal degree of an element of 7j[A^) over K is r. 

(d) If A'~' is a simple algebra, then the normalizer N{S*) of S* in GL„ 
transitively permutes {the isomorphism types of) the irreducible rep- 
resentations . . . , cpr of S* occurring in (j). In particular, in this 
case, di = ■ ■ ■ = dr and ei = • • • = e^. 

Proof, (a) By a corollary of Schur's Lemma (see, e.g., [FD^ Proposition 1.8]), 

Mf = (M„)^* = Ends* (A;") ^Me,ik)x---x M.^k) . 

Part (a) now follows from Theorem ll.il 

(b) The degree of x € A^ over K is dimx(i^[a^]). In view of part (a), 
the maximal degree of an element of A'^ over K is the same as the maximal 
degree of an element of M.ej^{k) x • • • x Mg^(k) over k. The latter is easily 
seen to be ei + • • • + e,.. 

(c) Once again, in view of part (a), we only need to show that the maximal 
degree of a central element of Mg^ (k) x • • • x Me^(/c) over k is r. The center 
of (A;) X • • • X Me^ (k) is isomorphic, as a fc-algebra, to A: x • • • x A; (r 
times), and part (c) follows. 

(d) Let Vi be the unique 5*-subrepresentation of A:" isomorphic to 
The normalizer N(S*) clearly permutes the subspaces Vi (and hence, the 
representations (pi); we want to show that this permutation action is tran- 
sitive. Assume the contrary: say, {(pi, . . . , (j)s} is an A^(S'*)-orbit for some 
s < r. Then Wi = Vi © • • • © and W2 = Vs+i © • • • © are complementary 
A^(S'*)-invariant subspaces of A;" and 

= Ends* (A;") ^ Ends* {Wi) © Ends* {W2) , 

where ~ denotes an A^(S')-equivariant isomorphism of Ac-algebras. Now let 
X be an associated G x PGL„-variety for the action of G on ^, y = X/G, 
and Z be the union of the components of maximal dimension of 1''^, as in 
the proof of Proposition 17.21 Then, 

A^ ^ RMapspGLjy,M„) ™^ RMaps^(s)(Z, Mf ) 

= RMapsjv(s)(^,Ends*(H^i)) © RMaps^(s)(Z, Ends* (1^2 )) ■ 



This shows that A^ is not simple. 



□ 
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9. Proof of Theorem 11.31 

We begin with some preliminaries on Galois cohomology. Let F/k be a 
finitely generated field extension and T/k be a linear algebraic group. Let 
r-Var(F) be the set of isomorphism classes of generically free F- varieties 
X with k{XY = F. Note that since k{X) is a field, X is necessarily 
primitive, i.e., T transitively permutes the irreducible components of X; see 
Section El Recall that L) is in a natural bijective correspondence with 

r-Var(F); see, e.g., [0 (1.3)]. We can thus identify H^{F,T) with r-Var(F). 
If a : r ^ r' is a homomorphism of algebraic groups then the induced map 
a*: H^{F,r) H^{F,V') is given hy Z ^ V *r Z] this follows from [0 
Theorem 1.3.3(b)] (see also [KMRTl Proposition 28.16]). 

If r is the automorphism group of some finite-dimensional A:-algebra R 
then, as we remarked before the statement of Theorem 11.31 elements of 
H^{F,T) are also in a natural bijective correspondence with the set of iso- 
morphism classes of i^'-forms of R. These two interpretations of H^{F,T) 
can be related as follows: the algebra corresponding to the F-variety W 
is B = RMapsp(l^, i?); cf. |Rel Proposition 8.6]. Here, as usual, RMapsp 
stands for F-equivariant rational maps. 

We are now ready to proceed with the proof of Theorem ll.3l We fix n > 1 
and a subgroup S C PGL„. For notational convenience, set H = Aut(Mf). 
Consider the following diagram: 

H\F,N/S)^^H\F,H) 

II II 
N/S-Yai{F) ^ i/-Var(F) {F-forms of } 

Z I ^ H * Z 

W I ^ RMaps^(l^, M^) 

This diagram shows that the image of the map a* : H^{F, N/S) H^{F, H) 
consists of all classes in H^{F, H) corresponding to algebras B /F of the form 

i? = RMapsj,(F*jv/s ^,M^), 

where F = k{H *]\f/s Z)^ and Z is a primitive A^/S"- variety. But 

RMapsj^ (// *N/s Z, ) ~ RMaps^/s(Z, ) 

and k{H *jv/5 — k{Z)^^^; see Lemma l6.ll Consequently, [B] lies in 
the image of a* if and only if there exists a generically free primitive N/S- 
variety Z such that B ~ RMaps^/s(Z, M^) and F ~ k{Z)^/^, i.e., if and 
only if condition (c) of the following lemma is satisfied. 

We will say that an F-algebra i? is a fixed algebra with associated stabilizer 
S C PGL„ if there exists a tame action of an algebraic group G on a central 
simple algebra A/K oi degree n with associated stabilizer S such that B ~ 
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a'-' and F ~ K^. In other words, B/F is a fixed algebra with associated 
stabihzer S if it satisfies condition (a) of Theorem 11.31 Hence Theorem 11.31 
fohows from the fohowing result: 

9.1. Lemma. Let B he an F-algebra, S a subgroup of PGL„, and N = 
NpQi^^{S). The following are equivalent: 

(a) B/F is a fixed algebra with associated stabilizer S. 

(b) There exists an irreducible PGhn-variety Y with stabilizer S in gen- 
eral position such that B ~ RMapspQL^(y, M„) and F ~ k{Y)^'^^" . 

(c) There exists a generically free primitive N/S-variety Z such that 
B ~ RMapsAr/s(^,M^) and F ~ k{Z)^/^. 

The isomorphisms in the various parts of the lemma are compatible: the 
second is always a restriction of the first. 

Proof, (a) =^ (b): By definition the algebras B/F satisfying condition 
(a) of Theorem 11.31 are those of the form B = RMapspQL (X, M^)*^, where 
F = k{X)'-'^^'^^". Here X is an irreducible G x PGL„-variety, such that the 
PGL„-action on X is generically free, and the projection of StabGxPGL„(2;) 
to PGL„ is conjugate to S for x £ X in general position. To write B and F 
as in (b), take Y = X/G; see (|7T]l . 

(b) =^ (c): Take Z to be the union of the components of Y^ of maximal 
dimension, as in Step 2 of the proof of Proposition 17. 2[ 

(c) =^ (b): Take Y to be the homogeneous fiber space PGL„ *n Z, and 
use Lemma l6.ll and (17. 4p . Note that Y is irreducible since k{Y)^'^^" is a 
field and PGL„ is connected. A simple computation shows that S is the 
stabilizer in general position for the PGL„-action on Y. 

(b) (a): Use Lemma l5.2( with H = PGL„ to reconstruct X from Y. 
Note that here G can be any connected linear algebraic group containing 
PGL„. 

This completes the proof of Lemma 19.11 and thus of Theorem 11.31 □ 



10. An example 

We will now illustrate Theorem [T3] with an example. Fix an integer n > 1 
and write n = diei + • • ■ + drer for some positive integers di,ei, . . . ,dr,er- A 
partition of n of this form naturally arises when an n-dimensional represen- 
tation is decomposed as a direct sum of irreducibles of dimensions di, . . . ,dr 
occurring with multiplicities ei, . . . , e^., respectively; in particular, the inte- 
gers di and Ci came up in this way at the beginning of Section [8l For this 
reason r = [{di,ei), . . . , {dr,er)] is often referred to as a "representation 
type"; cf. [LET] . 

Choose vector spaces Vi , Wi , . . . ,Vr, Wr , so that dim Vi = di and dim Wi = 
Ci and an isomorphism 



A;" ~ {Vi ® Wi) © 



© {Vr © Wr) 
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Let S* ~ GLd^ X • • • X GL^^ be the subgroup 

5; = (GL(yi) 8) /tyj X • • • X (GL(K-) Iwr) C GL„ , 

where Iw denotes the identity hnear transformation W W. Let N* be 
the normahzer of 5* in GL„. Denote the image of S* under the natural 
projection GL„ PGL„ by Sr and the normahzer of Sr in PGL„ by A',-. 
The purpose of this section is to speU out what Theorem 11.31 tells us for 
S = Sr C PGL„. Note that 

Mf- = (Ivi EndiWi)) X • • • X (Jy, End(W,)) ~ x • • • x Me, . 

Our goal is to determine which forms of M^^ occur as fixed algebras with 
associated stabilizer Sr- 

Note that reordering the pairs {di,ei) will have the effect of replacing 
Sr by a conjugate subgroup of FGL^. Since the group S in Theorems 11.11 
and 11.31 is only defined up to conjugacy, we are free to order them any way 
we want. In particular, if there are t distinct numbers fi,---,ft among 
ei, . . . , Cr, occurring with multiplicities ri, . . . , r^, respectively, we will, for 
notational convenience, renumber the pairs {di,ei) so that r assumes the 
form 

T = [(dii, /i), . . . , (din, /i), • • • > (dtijt), • • • , {dtrtJt)] ■ 
Suppose that for each fixed i, exactly numbers occur among dn, . . . jdir^, 
with multiplicities ra, ri2, . . . , ru.. We order the pairs (da, /i), • • • , {dinJi) 
so that the first ru of the dijS are the same, the next rj2 are the same, and 
so on. Clearly r, = H h ru-, 

Mf" ~ Me, X • • • X Me ~ M7 X • • • X Mf' 

and 

t 

Aut(Mf-) ~ J|Aut(M^;). 

i=l 

Note that Aut(M^) is the semidirect product PGLj X Sym^, where PGL^ 
is the group of inner automorphisms of Mj, and Sym^ acts by permuting 
the r factors of Mj. 

10.1. Lemma. The natural homomorphism a: Nr/Sr Aut(M^^) corre- 
sponds to the inclusion map 

n(nAut(M-o)-riAut(M-). 

1=1 ^j=i ^ i=i 

{Recall that ri = ru + ■ ■ ■ + ru- for each i.) 

Note that this lemma says that a embeds Nr/Sr in Aut(Mf^) as a sub- 
group of finite index. In particular, the image of a contains the connected 
component 

PGLe, X • • • X PGLe = PGL7 X • • • X PGL;* 
^1 ji jt 
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of Aut(M^-). 

Proof. First of all, note that we may replace N-r/Sr by N*/S*; these two 
groups are isomorphic and act the same way on M^"". 

We claim that the homomorphism a: N* / S* Aut(M^^) is injective. 
Indeed, the kernel of the action of A^* on M^^ is the centralizer of 

Mf = {Iv, End(VFi)) X • • • X (/vv ® End(Ty^)) 

in GL„. Using Schur's Lemma, as in the proof of Proposition 18. 1( a). we see 
that this centralizer is 

5; = (GUVi) /i^J X • • • X (GL(V;) <S) Iwr) , 

and the claim follows. Thus a is injective, and we only need to determine 
which automorphisms of Aut(M^'") ~ Me^ x • • • x Mg^ can be realized as 
conjugation by some g € N*. Taking g = [ly^ (g) oi, . . . , ly^ ® a^) and letting 
ttj range over GL(Wj), we see that every element of 

PGLe, X • • • X PGLe = PGL7 X • • • X PGL7 

lies in the image of a. 

Let us now view /c" as an n-dimensional representation of the group S* ~ 
GLrf^ X • • • X GL(^^, as we did at the beginning of this section. Any g G N* 
permutes the isomorphism types of the irreducible representations Vi,...^Vr 
of 5*; it also permutes the isotypical components Vi ® Wi, . . . , ^ Wr of 
this representation (as subspaces of A:"), li g maps the isotypical component 
Vi ® Wi to the isotypical component Vj ® Wj then their dimensions diCi 
and djCj have to be the same. The dimensions di and dj of the underlying 
irreducible representations Vi and Vj also have to be the same. In other 
words, this is only possible if {di, Cj) = {dj, Cj). 

Conversely, if {di, Cj) = {dj, Cj) then a suitably chosen permutation matrix 
g G N*, will interchange Vi (g Wi and Vj (8) Wj and preserve every other 
isotypical component Vm (8) Wm for m ^ These permutation matrices 
generate the finite subgroup Y[i=i nj=i Sym^.^ of Aut(M^'^). 

Now let g be any element of N*. After composing g with a product of 
permutation matrices as above, we arrive at a go G N* which preserves every 
isotypical component Vi(S'Wi. Conjugating by such a go will preserve every 
factor ly O End(Wi) ~ M^^ of Aut(M^-) and thus will lie in PGL^^ x • • • x 
PGL^* . We conclude that the image of a is generated by 

t h 

PGL^J X • • • X PGL^.; and JJ ^y^nj 

i=ij=i 

and the lemma follows. □ 

10.2. Proposition. B/F is a fixed algebra with associated stabilizer Sr if 
and only if B is F -isomorphic to the direct product 

{Bu X • • • X Bii^) X • • • X {Bti X • • • X BtiJ 
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where Bij/F is a form ofMjl'^ /k. 

Proof. Recall that H^{F, Aut(i?)) = {F-forms of R}. Now suppose Ri, 
Rm are fe-algebras, R = Ri x ■ ■ ■ x R^, Gi = Aut(i?j) and G = Aut(i?i) x 
• • • X Aut(-Rm)- Then the natural inclusion Gi x • • • x Aut(i?) induces 

a morphism from 

//^F, X • • • X Gm) ^ H\F, Gi) X • • • X H\F, G„) 

to H^{F, Aut(i?)) which maps {Ai,... , Am) to A = x • • • x Am- Here Ai 
is an F-form of Ri (and hence, R is an F-form of A). 

In the language of G-varieties, the first isomorphism says that X is a 
generically free primitive G- variety if and only if X is birationally isomorphic 
(as a G- variety) to the fiber product XiXy ■ • XyX^, where Xi is a primitive 
generically free Gj-variety such that Xj/Gj ~ y is a model for F (Y is the 
same for each i). Note that Xi can be recovered from X as the rational 
quotient X/{G2 x • • • x Gm)', similarly for X2, . . . ,Xm- The second map is 
given by the natural isomorphism 

RMapsG(X, R) ~ RMapsG, (Xi, fli) x • • • x RMaps^^ (X„, Rm) 

of F-algebras. 

We now apply this to the homomorphism a: N^/Sr — > Aut(M^'") de- 
scribed in Lemma 110. l) and the proposition follows from Theorem 11.31 □ 

We conclude with two corollaries of Proposition 110.21 

10.3. Corollary. Let r = [(di, ei ),..., (d^, e,.)]. Then the following are 
equivalent. 

(a) di = dj whenever = ej . 

(b) Every form B/F ofVlfj' appears as a fixed algebra with associated 
stabilizer Sr- 

Proof, (a) is equivalent to /j = 1 for every i = l,...,t. The implication 
(a) ^ (b) is now an immediate consequence of the proposition. To show 
that (b) =^ (a), consider an F-algebra B = Di x ■ ■ ■ x Dt, where Di is a 
division algebra of degree fi such that [Z(Z?j) : F] = r^. Here Z(Z)j) denotes 
the center of Di. For example, we can take F = k{ai, bi, . . . ,at,bt,c), where 
ai,b2, . . . ,at,bt,c are independent variables, and Di is the symbol algebra 
{ai,bi)f- over 1{Di) = F{ 's/c). The algebra B = Di x ■■■ x Dt is then a 
form of 

M;^- = M7 X • • • X M*:* . 

" 71 It 

On the other hand, if (b) holds, Proposition 110.21 tells us that B can be 
written as a direct product of /i + • • • + /j F-algebras. But B = Di x ■ ■ ■ x Dt 
clearly cannot be written as a non-trivial direct product of more than t 
-F-algebras. Thus h + ■ ■ ■ + h ^ t, i.e., h = ■ ■ ■ = It = 1, and (a) follows. □ 

10.4. Corollary. Every finite-dimensional semisimple algebra B/F (where 
F is a finitely generated field extension of k) appears as A^/K^ for some 
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very tame geometric action of a linear algebraic group G on a central simple 
algebra A with center K . 

Note that here we make no assumption on the degree of A or on the 
associated stabihzer. However, the proof will show that the associated 
stabilizer can always be taken to be the reductive group S",-, where r = 
[(1, ei), . . . , (1, e,.)] for suitable positive integers ei, . . . , e^. 

Proof. Every semisimple algebra is a form of ^ = Me^ x • • • x Mg^ for some 
positive integers ei, . . . , e^. Now set n = ei + • • • + e,., di = ■ ■ ■ = dr = 1 
and r = [(1, ei), . . . , (1, e^)]. Then Mf^ ~ A and the conditions of part (a) 
of Corollary 110.31 are satisfied for this choice of r. Hence, every form of A 
appears as a fixed algebra (with associated stabilizer Sr)- □ 
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